This paper considers simple tree order restriction in 2×k cohort study and provides a consistent test in which the usual multiple comparison test statistics are modified by using the characteristic roots of a consistent estimator of the associated correlation matrix. The relevant performance measures of the proposed test are obtained and are compared numerically with existing competitors via simulation. It is shown that the proposed test is comparable to or better than the competitors in terms of type I error rate and power. Finally, data study illustrates the use of such a test.
Introduction
Testing the equality of multiple mortality rates from different exposure categories against an ordered alternative occurs frequently in epidemiological studies. For example, consider the cohort study by Gupta and Mehta (2000) in which the age adjusted mortality rates among women in Mumbai, India using mishri (roasted, powdered form of tobacco used to clean teeth) and betel nut are, respectively, 12.3 and 12.6 per 1000 per annum, whereas such rate for control group is 9.9. Hence, it would be reasonable to assume the simple tree restriction π 1 ≤ π 2 , π 3 , where π 1 , π 2 and π 3 represent, respectively, the risks of dying among women for the control group, for those who use mishri and for those who chew betel nuts. In general, if H : π 1 = π 2 = · · · = π k represents no restriction on mortality rates for k exposure categories, H can be tested against the patterned alternative H st − H, where H st : π 1 ≤ π 2 , π 3 , . . . π k .
Several tests are available in the literature for testing H against H st − H. These are, for example, based on restricted maximum likelihood estimator (RMLE), multiple comparison procedures and non parametric kernels (see, for example, Fligner and Wolfe, 1982; Magel, 1988; Desu et al., 1996) . While detecting order restrictions on binomial probabilities based on a 2 × k cohort study, multinomial allocation probabilities corresponding to the exposure levels play an important role. The existing tests to detect simple tree order restriction in a 2 × k table, where allocation probabilities are unbalanced, occasionally fail to attain the nominal level for small values of π 1 . Our aim is to propose a multiple comparison consistent test using the characteristic roots of a consistent estimator of the associated correlation matrix based on the multinomial allocation probabilities, in which this short fall has been overcome.
Among the RMLE based approaches, the work on confidence interval estimation subject to order restriction (Hwang and Peddada, 1994 based on normal and binary responses, is proposed as a method in which the cut off points of the related tests are obtained from the distribution functions of multivariate normal and multivariate t distributions and are provided numerically through the R-packages mnormt and mvtnorm. In our setting we also choose one of such tests under binary response as another competitor and call the corresponding test as the GBH (Genz-Bretz-Hothorn) test. Besides these multiple comparison tests some single contrast tests are available to detect order restriction among binomial probabilities ( see, for example, Benichou, 2001, 2004; Bretz and Hothorn, 2003; Bandyopadhyay and Chakrabarti, 2013 and the references there in). Our numerical computation shows that for small sample size the MGIRE and GBH tests often fail to attain the nominal level under unbalanced allocation as compared to that under balanced allocation. The proposed test overcomes such shortfall and increases its power locally.
The outline of the paper is as follows. Section 2 provides the data layout and notations. Section 3 contains some asymptotics and formulation of the proposed test. Section 4 describes competitors of the proposed test. Simulation results on size and power of the tests are given in Section 5. Section 6 contains data study. The paper concludes with some discussions in Section 7, followed by some technical details in Appendices A and B.
Data layout and notations
Consider a cohort study on n individuals, where the dichotomous response variable Y , indicating survival status, is recorded for the exposure X consisting of the levels x 1 , x 2 , . . . , x k , measured in a nominal scale, satisfying x 1 x 2 , x 3 , . . . , x k . Let p j = P(X = x j ) > 0, the chance of occurrence of the exposure level x j , j = 1, 2, . . . , k with ∑ k j=1 p j = 1, and π j = P(Y = 1|X = x j ) = 1−P(Y = 0|X = x j ), the mortality rate at x j , j = 1, 2, . . . , k. Define n j = #(X = x j ) as the number of individuals observed at x j and s j = #(Y = 1|X = x j ) as the disease count at x j , j = 1, 2, . . . , k, where n = ∑ k j=1 n j . Let us write n n n T = (n 1 , n 2 , . . . , n k ), p p p T = (p 1 , p 2 , . . . , p k ) and π π π T = (π 1 , π 2 , . . . , π k ). Evidently, the distribution of n n n is multinomial on k categories with index n and parameter p p p. Further (s 1 , s 2 , . . . , s k ), conditioning on n n n, constitutes k−independent binomial random variables, where s j follows binomial distribution with index n j and parameter π j , j = 1, 2, . . . , k. In order to understand the simple tree order of the mortality rates at different exposure levels, H is tested against H st − H.
In the subsequent discussions,p j andπ j are used to denote, respectively, the observed proportions of individuals and successes at x j , wherep j = n j /n andπ j = s j /n j . Then the overall proportion of success is obtained byπ
If n j vanishes for some j = 1, 2, . . . , k, dirichlet prior is used to choosê
Similarly, ifπ is found to be 0 or 1 for a specific sample, we choosê
by use of beta prior.
Proposed test and related asymptotic results
A naive test, analogous to Dunnett's procedure (1955), can be constructed through Bonferroni's correction in which H is rejected at level α against H st − H if and only if
, where τ α is the (1 − α) th quantile of standard normal distribution, 0 < α < 1. Such a test is referred to as the T -test. In this paper a modification of the T -test is proposed by standardizing t t t = (t 2 ,t 3 , . . . ,t k ) T through the estimators of the characteristic roots of the correlation matrix of t t t. Towards such modification, H is expressed in terms of multiple contrasts of π π π by
where C (k−1)×k = (−1 1 1 k−1 e e e 1 e e e 2 . . . e e e k−1 ) with e e e j , j = 1, 2, . . . , k − 1 as (k − 1) component independent unit vectors and 1
j=1 e e e j . Then, H is rejected against H st − H if and only if H j is rejected against H a j for at least one j, where H j : π 1 = π j and H a j : π 1 < π j , j = 2, 3, . . . , k. Furthermore, an upper tail test based on t j is appropriate for the testing problem (H j , H a j ), j = 2, 3, . . . , k. Hence, combining all such component tests, the resulting test becomes the T -test. Now, we consider the proposed modification.
, the k-variate normal distribution with mean vector 0 0 0 and unit dispersion matrix I. That means, for large n,
where
k ), and the notation "u n a ∼ v n " is used to mean that asymptotic distributions of the random variables u n and v n are same. Therefore, the asymptotic distribution of t t t, shown in Appendix A, is N k−1 (0 0 0, R(p p p)), under H, where R(p p p) is the correlation matrix with elements
. . , k − 1 be the characteristic roots of R(p p p) and w w w j j j be the unit norm characteristic vector corresponding to λ j , j = 1, 2, . . . , k − 1. Then, setting W = (w w w 1 1 1 w w w 2 2 2 . . . w w w k−1 ), it follows that
Hence, there exists a positive definite matrix R 1/2 (p p p) for which, as n → ∞,
in distribution under H, where
in distribution under H, and hence T can be modified by
As usual, an upper tail test based on T m would be appropriate. Such a test can be described by the critical region
where, for given α : 0 < α < 1, T mα is obtained approximately from the relation lim n→∞ P H {T m ≤ T mα } = 1 − α, which, by use of (1) and 2), yields the approximate relation
with Φ(.) as the distribution function of standard normal variable. Thus the test (referred to as the T m -test), given by (3) and (4), is asymptotically level α test for the testing problem (H, H st − H) and is a modification of the T -test. It is shown (see Appendix B) that the test is consistent.
Competitors

MGIRE test
Here components of π π π are estimated ( subject to a general order restriction) bỹ
Then, incorporating Bonferroni's corrections, the test, described by the critical region
is asymptotically level α test for the testing problem (H, H st − H) and is used as a competitor of the proposed tests. From Appendix B, it is not difficult to see that under any π π π,
in probability, which is 'zero' or positive according as π π π ∈ H or π π π ∈ H st − H. This implies that the MGIRE test is consistent for testing H against π π π ∈ H st − H.
GBH test
Here H is rejected at level α against H st − H if and only if
, the approximated null distribution of t t t. The consistency of this test for testing H against π π π ∈ H st −H can be established by the same technique as in the previous test.
Simulation study
We perform a simulation study with hundred thousand replications taking k = 3 and, for the purpose of illustration, the nominal level (α) is chosen at 0.05. The proposed test and the competitors are compared with respect to both empirical type I error rate and empirical power. Empirical type I error rate (power) of a test is computed by that proportion of hundred thousand replications of the experiment under H (H −H st ), in which the test statistic exceeds the 0.95 th quantile of its asymptotic null distribution. For a 2 × k cohort data, setting p p p =p p p and the common success probability under H at π =π , 100,000 tables, similar to the data, are generated. If the bootstrap percentile points of the simulated null distributions of the statistics agree with the percentile points of the asymptotic null distributions of the respective statistics, P-values of the tests are obtained using the approximate null distributions, otherwise P-values are determined by bootstrapping (See, for example, Efron and Tibshirani (1993), Noreen (1989) and Romano (1988 Romano ( , 1989 for details) in which the proportion of cases the test statistics, evaluated from all such 100,000 tables, exceed the respective observed values obtained from the data set.
Similarly, if the empirical type I error rates do not agree with the nominal level, the powers of the corresponding test are evaluated using empirical cut-off point (0.95 th quantile of the simulated null distribution of the test statistic) instead of the approximate cut-off point.
The simulation study is performed for different choices of n and p p p. For illustration, we choose n = 100, 200, 300, 400 and 500 for both balanced (p 1 = p 2 = p 3 ) and unbalanced situations. As most of the cohort studies indicate highly unbalanced situations , we take p p p = (0.9, 0.05, 0.05) (more allocation towards control) and p p p = (0.1, 0.45, 0.45) (less allocation towards control) for the present computation. For balanced allocation ρ = r 12 (p p p) is equal to 0.5 and for p p p = (0.9, 0.05, 0.05), (0.1, 0.45, 0.45) ρ is, respectively, equal to 0.053 and 0.818. π is chosen from {0.1, 0.3, 0.5} in order to ensure the conformity of the type I error rates to the nominal level. The empirical powers of the tests are obtained under the following cases of the parametric configurations:
Case A: π π π lying in the boundary of the alternative region, such as:
Case B: π π π is well within the alternative region, such as:
For revealing the behaviour of the tests under Case A, we choose π π π = (0.1, 0.2, 0.1), and that under Case B, we choose π π π = (0.1, 0.2, 0.2) and (0.1, 0.3, 0.2) for (B1) and (B2), respectively.
, which gives
and hence Computation of empirical power Table 2 and Table 3 show, respectively, the empirical powers of the tests under Case A and Case B.
Consequently, T m becomes
For each of the given choices of p p p, π π π and n maximum powers are marked in bold faces. Case A: Table 2 . Empirical power: T m , MGIRE and GBH tests (α α α= 0.05, Case A). Table 2 shows the empirical powers of all the tests for the given choices of π π π lying in a boundary of parametric space under H st − H. For the given choices of n, the T m test is found to be more powerful than the MGIRE and GBH tests under both balanced and unbalanced allocation probabilities. Based on this empirical power comparison, an approximate ordering of the tests is T m , GBH, MGIRE, in which the T m -test is the best in terms of having maximum empirical power.
Case B: Table 3 shows numerical computations of empirical power under both Case B1 and Case B2. Here, under Case B1, the GBH test is found to be be more powerful than the MGIRE and T m 
Data study
Example 1:
The data, given in Table 4 , are extracted from the cohort study (Gupta and Mehta, 2000) on the risk of mortality among tobacco users in Mumbai, India, where users are classified gender-wise into smoking groups (smoking cigarette and bidi (tobacco hand rolled in temburni leaf and flaked)) and consuming smokeless tobacco (mishri, betel quid, betel nut, etc). Table 4 shows the risk of mortality among women in Mumbai from the use of mishri and betel nut. Here, the P-values of all the tests, proposed and competitors, are obtained by bootstrapping. In addition the bootstrap 0.95 th percentile points of the simulated null distributions of such test statistics are obtained at various sample sizes. Furthermore, setting p p p =p p p and π π π =π π π, another 100,000 tables are generated for those sample sizes. From each such tables the test statistics are computed. Finally, the powers of the tests are obtained as the proportions of cases in which such test statistics exceed the respective bootstrap percentile points. Estimated P-values and powers of the tests corresponding to Example 1 are given in Table 5 . It is observed ( Table 5 ) that all the tests, proposed and competitors, strongly reject the null hypothesis of no difference among the risks of mortality, where the T m test has the least P-value. For different choices of n in Table 5 we see that empirical powers of the T m , GBH and MGIRE tests are approximately equal. For n > 5, 000, an approximate ordering of the tests with respect to empirical power is GBH, MGIRE, T m , in which the GBH-test is the best in terms of having maximum power. However, for n ≤ 5, 000, the ordering becomes T m , GBH, MGIRE.
Example 2:
All the tests are applied to another data set (Graubard and Korn, 1987) relating to the effect of maternal alcoholism on congenital sex organ malformation among infants. The information on alcohol consumption is collected from would-be mothers after the first trimester and the malformations among infants are recorded following childbirth. Alcohol consumption categories are classified as average number of drinks per day. The data set is summarized in Table 6 . Adopting the similar technique, as used in Example 1, P-values and powers of the tests are determined and exhibited in Table 7 . Table 6 shows thatp 1 is almost unity andp 2 is significantly larger thanp 3 . Thus, the sample corresponds to an extremely unbalanced situation. Here, as the P-values suggest, all the T m , GBH, MGIRE tests strongly reject the null hypothesis. The T m test is found to be more powerful than its competitors for n ≤ 10, 000.
Discussion
The failure of the type I error rate to attain the nominal level occurs more frequently in the MGIRE and GBH tests than in the T m test under unbalanced allocation probabilities. On the boundary of the parameter space under H st −H, that is, under Case A, the T m test is found to be locally more powerful than its competitors. Power of the T m test in this case becomes significantly more as compared to that of its competitors with the increase in the value of ρ. Thus, for unbalanced allocation probabilities yielding high values of r i j (p p p) s, the T m test can be preferred for its agreement of type I error rate with the nominal level.
